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Current Introduction

conservation in
EFTs for the . . . . .
NN system e QCD is widely believed to be the theory of strong interaction

e cannot be treated perturbatively at the low energies of interest in
nuclear physics = gives rise to low-energy EFTs
IirednEten e The EFT preserving all relavant symmetries of QCD (including
chiral invariance) is chiral perturbation theory (ChPT).
e In 1990 Weinberg proposed to use ChPT not only in the 77 and
KSW 7N sector but also for the few-nucleon problem.
Non-perturbative S. Weinberg, Physics Letters B 251, 288-292 (Nov. 15, 1990)
e Since then, his method has been extensively studied and
calculations exist in ChPT up to high accuracy.
E. Epelbaum et al., Reviews of Modern Physics 81, 1773-1825 (Dec. 21, 2009)
e Another and more recent testing ground of ChPT: Investigations on

Daniel Maller

Non-regularized

Reg“:arife‘i interactions of few-nucleon systems with external currents

e Here: How to appropriately regularize the electromagnetic vector current
e Focus on particular N N+ reaction at very low energies

KSW

Non-perturbative

Jh
14T J

3/28 >
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Introduction

e work in pionless EFT (nucleon energies well below the pion
production threshold) and stick to NN contact interactions

= NN potential is separable and the problem to a large extent

solvable analytically

e Issue with NN compared to mm and N system is that the
amplitude behaves non-perturbatively

Two approaches:

Weinberg (NP): Apply power counting to the NN potential and
solve the Lippmann-Schwinger equation non-perturbatively for
this potential
S. Weinberg, Physics Letters B 251, 288-292 (Nov. 15, 1990)

S. Weinberg, Nuclear Physics B 363, 3-18 (Sept. 30, 1991)

Kaplan, Savage, Wise (KSW): Resum contribution of leading
NN operators only and include the rest perturbatively
(directly applied to the amplitude)

D. B. Kaplan et al., Physics Letters B 424, 390-396 (Apr. 1998)
D. B. Kaplan et al., Nuclear Physics B 534, 329-355 (Nov. 1998)

e Interested in the renormalization of the current operator in the NP

approach
KSW approach is used as a benchmark because power counting and
renormalization are transparent
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Current NN contact potential

conservation in

EFTs for the

. e . ,

NN system Two nucleons in cms frame with initial and final momenta p and p
VNLO

Daniel Maller

e N—
YNNLO _ 1/ (0) 4 /(D) 4y (4)
~—~—

yLO
NN contact v (g, k) =Cs + Croy - o2,
interaction I
o o
KSW V) (q,k) =C1g* + Cak® + (C3q” + Cak?®) (o1 - 02) + 1'16’5% (g x k),
Non- bati
on-perturbative + Ce(q . 0'1)(11 . 0_2) + C7(k: . 0'1)(k . 0-2)
/
V(g k) =Dig" +..., with qi=p' —p, k=2 ;Lp

E. Epelbaum et al., Nuclear Physics A 747, 362—424 (Jan. 2005)

Non-regularized

Zeg“:arifd Restrict on 1Sy partial wave:
ne-body
Vis, (@', p) = (" So|V (@', p)|" So)
KSW ‘/lLs(z (,p) =Ch S0
Non-perturbative ‘/11}%0 (p/,p) é 1 5 + Cl So (p 4 p )
NNLO =
VG "0 (0, p) = Crgy + Crgy (0 +0°) + 2D15,p’p* + Dig, (" + 1)

ﬂ) C’ISO =+ 0150 (p + p ) + 2D150p2p/2

7/28
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KSW approach — Motivation

¢ fo_2

T SR S—
150(p) pC0t51SO(p)fﬁp’ m

1 G ;
ER expansion: pcot dig,(p) = - + gp2 + Zvipm

with
a=-23739fm r=268fm vy, =—0.48fm>
la] > M;! Ir| ~ MZ' Jui| ~ My

Unnatu_ral large |a| prevents expansion of Tig, in p from converging.
= retain ap to all orders:

B 1 1”/2
T150(p) 75—1/0,—]1]7 76(—1/a—ﬂp)2p2

r?/4
+e (e~ i) 7 OP
=T () + T () + T{Y. (0) + O0°)

This shall be reproduced in an EFT.



Current KSW approach — Derivation and renormalization of T'

conservation in
EFTs for the

NN system o= ClSo = ClSO o= Dlsopp

Daniel Maller
(5D =>< >< >©<

KSW

Non-perturbative

/

Non-regularized

Regularized
Szl All emerging integrals are divergent and of the form
ddp p2n p2
il =im | ———————— with E ==t
2n(pon) dn pgn — p2 T ic cms
KSW

After dimensional regularization and power divergence subtraction:

Non-perturbative
e o 1 9on .
15 (Pon) 1= £Pon (1 + Epon)
Renormalization: p-dependence can be absorbed into the LECs order by

9/28 order by fitting to the respective terms in Tl( )(p) + T(0 (p)+ -
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Non-perturbative approach — Solution of the LS equation

Regularization of the LS eq. in momentum space:

a*p” V(p',p")T(p", P; Pon)
pon _ p//2 _|_ flE

T(p',p;pon) =V (', p +m/

V(p',p) = ¢"(0")V" (0, p)g" (p) and same for T(p', p;p,,)
Partial wave projection:

A A
Ti's, (P',pipon) = Vis, (', p)

1 p 23 )11 ( p'pon)
/12 1 So So Ll Ay 11\2
d
+m/ 2 2 1 ic g (p )

Solution for the separable potential:

Vi's, (0, p) = Clg, + Ct's, (0* + p*) + 2D p°p”

Ci Ci 1
= (1 So So
( 7p )<Clso 2D150) <p2)
—_—

=N

A A -1
A . 2 A (1o (Pon) I3 (Pon) Al
TlSo(plvpvaﬂ) = (Lpl ) <I]-4 —A <Ié\(pon) Li\ A 2
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Non-perturbative approach — Renormalization

I2n pon

oo

0

- / ”2 ” p//2ngA(p )2

p//2 + 116

1 2(n—i)+1
12, (Pon) :g{[g ( ) 2(n — i) — 1|1

Renormalization:

P
Fip2™H oxp <72 on

. 2n+1
n
)i

£

A2

Pon
exp <72F

2

>erﬁ (ﬁ%)]

.o ! 1 T 2 - 2i
o tip=—— 4 op 4 ) vip
Tig, (P, i p) a 2 2

A dependence is absorbed into the LECs for a given order of Vig, .

Order LECs [ A— | $Mx 3 My 1M, 3 My 2My
LO C{‘SD [fm?] | -0.7277 -0.5253 -0.4110 -0.2864 -0.2197
NLO 0{\30 [fm2] | -0.3865 -0.3062 -0.2725 -0.2503 -0.2497
P, [fm*] | -5.5516 -1.5186 -0.5378 -0.0655  0.0349

NNLO [fm2] | -0.4847 -0.3659 -0.3124 -0.2865 -0.2868
[fm#] | -2.0135 -0.8174 -0.2682  0.0581  0.1298

D{‘SO [fmf] | -35.442 -4.1135 -0.9113 -0.2113 -0.1214
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Non-perturbative approach — Observables

0.8 Lo 3.0 Lo --- KSw
— ER
07 25
. — A=2M,
o ~ 2.0
E E — A=M,
£086 £ 1.5
E E — A=} My
1.
03 ER, KSW °
’ 0.5
— p=1
0.4 p= 3 Mr 0.0
06 08 10 12 14 16 1.8 20 0.0 0.1 0.2 0.3 0.4 0.5
NinM, pinMy,
3.0 NLO  --- KSW 3.0 NNLO --- KSW
2.5 —ER 2.5 — ER
— A= M, — A=2M,
o 2.0 o 2.0
E — A=My E — A=M,
£15 £15
E = — A=2M,
1.0 1.0
0.5 0.5
0.0 0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
pinM, pin My

= Convergence with larger cutoffs improves with higher orders.
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Two-body current — Non-regularized

(1] 0 0
_ (1. p _ € 3\ (VU v _ (1
From N~y-vertex of L (J[l]) = 2(1+T ) <v>’ (v) = (0)

V. Bernard et al., International Journal of Modern Physics E 04, 193-344 (June 1995)

Siegert’s hypothesis:

At low energies there is no two-body contribution p[z] from the charge.

= J can be determined from the potential via a continuity equation:
A. J. F. Siegert, Physical Review 52, 787—

789 (1937
k'Y : J[Z] (p/7 p) = [V(pla p)7 p[l] (pla p)] H. A(renhij)vel, Chinese Journal of Physics
1, 17-95 (Feb. 1992)

ﬁ%%%g

ky - JP(p',p) V(P p+ ” Pl — V —ip

k., k
+V <p p— 7) Py p[Ql]V (p’+ f,p)
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Two-body current — Non-regularized

e No contribution of LO potential due to momentum independence:
ko - I = Cig pi = pCug, + Cig, pt1 — pY1Cig, =0
e Practical agreement of J{\]LO with the result obtained with the

method of unitary transformation in S. Kolling et al., Physical
Review C 84 (Nov. 28, 2011)

o Interested in the 1Sy — 1P, transition
e Partial wave projected end result can be written in terms of the
projected LECs
("Pilky - Tikio (@', p)| S0)
_ %kwp' (801 sy + 12C1 p, +8D1 g, p° + Dip, (3k2 + 20p* + 12p’2))

—(1Py|ky R o(p ,p)|1So0)

— can directly be used with KSW approach (u dependence of the LECs
is known)
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Two-body current — Regularized

Naive substitution J2 (p’, p) — gA(p’)J[2]A(p',p)gA(p)
is not reasonable, instead:

ko - I (0, p) = [ @)V (0 2)g  (0), 0" (', )]

A p2
with  ¢"(p) := exp (_F)

e Expressions for the regularized current are significantly more
complicated than for the non-regularized one

A
o JE(]) # 0 now, due to momentum dependence of the regulator
functions

o At all orders the limit A — oo yields consistently the
non-regularized result,

in particular lim J2 N 0
A— oo Lo
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One-body current

(1] 0 0
_ 2) . P . i 3 DPin Pout
From N+-vertex of £:75: ( [1]) = 4m(1 +77) (pin pout)

V. Bernard et al., International Journal of Modern Physics E 04, 193-344 (June 1995)

Include symmetry between nucleons in the same way as done for JeI
k’“{
:};E30+>—— —
+
— ;j:;‘h)——
k’Y

(Pilkey - JN (@, p)|' So) =

/

_° D
V3m'
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Electromagnetic process considered

1Sy — P, transition of NN~ — NN reaction
ey

Energies are assumed low enough that the final nucleon pair does not

interact
= C1p1 — 0 and Dlpl — 0

T1 s, (Pint, D)
. _ S ’ 1 (1] 1
M(Pypmt,p»kw)*mm< Pilky - I (Pings P)| So)
+ (" Pilky - T (0, p)|" S0)
72 1 11 <1P1‘k"/ - JP (p',p")|150> Tng (pllvp)
+m p dp 2 /12 >
p= —p’c + 1€
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KSW approach

M calculable perturbatively order by order

T<71>(P)

e 15,

M, ' Din ky) = —kyp "% ——
LO(p,p &P ’Y) \/g P p2 pi2nt+].1(E

T () + T2 (pine, p)
e 1 1 int, P
MxLo (P, pint, P, ky) = —=ky ’{ S e

ﬁ p2 - piQnt + i€
oty (1+ T 01 0) |
-1 0
I P OB A)
V3P Tk, e

0 0 2 2 —1
T ine.p) = T{9) (0) = Ot (0% = pl) (1 + T4 015 ()

—1 0 1
Myxro(p', pi k)—-f?k'T¥8@0+7ﬁ%@)+T¥“m
NNLO\(P , Pint, P, Ky ) = \/g vP p2 _ piQnt + i€

e Delicate cancellation between off-shell one-body contribution and
two-body contribution

e M is p-independent at all orders
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NP approach

e Because Tig, is non-perturbative, some residual cutoff dependence
is expected and numerical treatment necessary.

e Momenta are connected by energy conservation.
Expressing p’ and pint in terms of p and k- yields:

/ k3
p= [P+ mhy -

k~ cos n \/k:?Y cos2 6
2 4

k-Q
Pint = — +p?+mhy — o

0: angle between p and k4 (found to contribute not much but a
scale), set to 6 — /2
e Since p,p’ < A, it is required that p ~ p’.
2
=k~
m

e Choose |M]| as observable and plot vs. initial nucleon momentum p
for fixed k- .
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NP approach — Observables at different orders

1.0
Normalize | M| to KSW atp =0

4
©

Plot p € [0, M,/2] in units of
the pion mass

(M./8)% M2

M| [normalized]
o
(=2

Fix by = ———— =
.4
K m 64m 0
0.2
0.0 0.1 0.2 0.3 0.4 0.5
pinMy
1.0 1.0 NNLO  --- KSW
— A= % My
0.8 0.8]
— N=M,
— A= § My

M| [normalized]
o
(2]

M| [normalized]
o
(2]

0.4 0.4
k= Mf'
0.2 o2t 84m
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
pinM, pinMy

= Good convergence with larger cutoffs and higher orders,
consistent with KSW
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NP approach — Threshold region and k. dependence

Cutoff dependence at p = 0 becomes more obvious when zooming into
the threshold region and increasing the photon energy

(Mo /8 _ M? (M /4)> _ M2

ko = ~—T/2 ko =~
v m 64m v m 16m

1.005] NNLO --- KSW 1.005 NNLO --- KSW
— — /\:% My —
3 1.000 21.000
N — N=M, N
] T
£ 0.995 A=2 M, € 0.995
5] 2 ]
= k=
= 0.990 . = 0.990

k= &
0.985) 64m 0.985,
0.000 0.002 0.004 0.006 0.008 0.010 0.000 0.002 0.004 0.006 0.008 0.010
pinM, pin M,

= There is some small but visible cutoff dependence even at p = 0 that
scales with k..

Nevertheless, the regularization done yields better results then various
alternatives.

2
™

Keep ky = 1]\64771 in the following.
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NP approach — Comparison to inconsistent regularization

|M| [normalized]

|M| [normalized]

Consistent current reg.

No current reg.

1.0 NNLO --- KSW 1.0r, NNLO --- KSW
\
— A=EM, \ — A= M,
. \
0.8 —A=M, g 0.8 \\ — A=M,
— A=EM, ] — A=EmM,
0.6 27T Eos 2o
f=H
0.4 =3
M
0.2 16m

pinM,

Naive current reg.: gAJ[Q]AgA

0.0 0.1 0.2 0.3 0.4 0.

: [2] A
Neglecting J

1.0 NNLO  --- KSW 1.0p, NNLO --- KSW
— A=2M, — A= M,

0.8  A=M, g 0.8 A=,
—A=Em El A=2 M,

0.6 2 g 0.6 2 M

£
0.4 204
k= =
0.2 0.2
00 0.1 02 03 04 05 0.0 0.1 02 03 04 05

pinM,

pin My

= Consistent current regularization is needed to produce reliable results.
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NP approach — Comparison to inconsistent current reg.

Consistent regularization

1.0 NNLO --- KSW
— A= % My
E 0.8 — A=M,
E — A=2M,
£ ud
506 2
£
= 0.4
0.2
0.0 0.1 0.2 0.3 0.4 0.5
pinM,
1.04 NNLO --- KSW
— A= % M,

0.98

|M| [normalized]
P
o

0.6}, _Mr
16m
0000 0005 0010 0015  0.020

pinM,

Neglecting JZL o

1.0p NNLO --- KSW
— A= M,

0.8 —Aem,
— A=2M,

M| [normalized]
o
[o2]

1N
»

-
o
N

M| [normalized]
2
o

0.98
0.96
16m T~
0.000 0.005 0.010 0.015 0.020
pin My,

= Potential must be included to the same order in the current as in the

amplitude.
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Conclusions and Outlook

e Determined and compared NN contact scattering amplitude
in KSW and NP approach
— consistent behavior

e Derived current operator from the NN potential via current
conservation and regularized it

e Investigated electromagnetic processes in the two-nucleon
sector for both approaches
— proper treatment in NP approach produces results
consistent with KSW:
e The right way of deriving the regularized current is to
apply current conservation to the regularized potential
e Potential must be included up to the same order in the
current derivation as in the LS equation

Outlook
Use the results as a basis for realistic calculations in chiral effective

field theory
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