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Introduction
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Lattice calculation, Abdhel-Rehim et. al, 2015

e BChPT power countingX
e HBChPT power countingv’, Lorentz covarianceX
e IR power countingv’, Lorentz covariancev’
— problems due to analytic properties of the loop integrals
e EOMS power countingv’, Lorentz covariancev’
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Introduction

nucleon mass up to Order O(q%) (Scherer and Schindler 2012)

in terms of one loop integrals:

ng\
8F2(p - p)

my =m — 4c;M? + {p (m2 —(p- P)) Tr + (—P ((P “p)+ mz) —2m(p- P)) Tn
+ (P (— (2"”'2 + "/’2) (p-p)+(p-p) +m* — m2M2) —2mM? (p - p)) Tﬂm}

renormalization of the integrals leads to:

3g3 M?  3g3 M?

— m—4¢c; M? _
my=m=ta Mt 522 ™ T Bnp

+ O(q%)

nucleon mass up to order O(q®) with IR by Schindler 2007
goal: calculate nucleon mass up to order O(g®) with EOMS
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The Lagrangian and Feynman Rules M
The Lagragian

e chiral Lagrangian up to chiral order O(g*) in SU(2) case

L=LP W40 4+ 28 4+ 8+

M= 0(q")
D _w(; 8A
EWN—\U</¢—m+ > ;ﬁfy_r,)\ll 8uU:(9(q1)
F2 — 1
L9 = 2T (9,0 (2"0)") %V =0(q)
e with nucleon and pion field:
v = (p,n)"
i 1 1 1
TS - S N 2= oyt 4
U + TR = o —laggT 77 + (8a 1)8F47r
u-]12+2,__7'7r F2(7‘ )+ 16F3 (77) 156F% (7-7)
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The Lagrangian and Feynman Rules M
The Lagrangian

expand the Lagrangian in pion fields (using for example trace rules)

LY = —Umv 4 Vg
+ BAr gV 4 R (Fx 9R) W
2F 4F2
— B Gns (20(7 7)(7 - 97) + (4o = 1)(7 7Y 97) W
1
16F*

V(8a — 1)(7 - @)7 - (7 x J7) ¥ + O(n°)
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The Lagrangian and Feynman Rules M

Feynman Rules

ESR/: % \:/’ \:/’
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The Lagrangian and Feynman Rules
Feynman Rules

q .
— ~ /
7777777777 N M2 + je
P (p+m)
p—m+ic p-p—m>+ic
N [ 0 .
\\\,41'90(1,‘ T
P~ < p2
s
)

=(2n)*0*(p1 — p2 + q1 + q2)4F2(¢1 - 5272)€abc7'c
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Basics in QFT

Nucleon Mass

p{OIT{WH()Wh(y)}0)p=

i i

. i

:p—m+i5+p—m+ie(_lz)m+

. 2
S PR = .+< > ) +]
p—m+ie p—m+ie p—m+ic

; i(p+m+z)

:p—m—Z+i5:p-p—(m+Z)2+i5
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Basics in QFT

Nucleon Mass

Definition

The nucleon mass is a pole in the two-point
nucleon function.

[p p—(m+%)2+ ,'gg]p.p:m%V =0

=>my=m+X
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Basics in QFT

Power Counting

g<1 and i<1 M=
m —

mN 1P
For integrals over pion and nucleon propagators one can show
e integrals in d dimensions count as O(q)
e pion propagators count as O(q~?)
e nucleon propagators count as O(g 1)

for example
dqi 1 _ d-3
m/(27r)d(l~l—I\/l2+i£)((l—p)-(l—p)—m2+i5)O(q )
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Basics in QFT

Power Counting

for diagrams one can show that vertices of chiral order k count like
89(q)q* — t*7959(q)q"

So a diagram with N[ internal pion lines N,N internal nucleon lines and

Ny, vertices of chiral order k count in d-dimensions as
FD — t°FD
D=d+(d—2)N +(d— )N+ Ny, (k—d)

k
with

Ny —1=N;— Ny,

= D =dN, — 2N — N + " kNy,
k
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Basics in QFT

Power Counting

For example (in four dimensions):

is of order
2-4(loops) 42 -1+ 2(vertices) — 2 - 2(pion lines) — 2 - 1(nucleon lines) = 6
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Diagrams
contact terms
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Diagrams
one loop
(a) O(¢®)
=) O—Q
(c) O(q°) (d) O(¢°)
0 (@) 2
(e) O(q*) (f) O(q°) (g) O(¢°)
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Diagrams
two loop
DD~ 3 )
DD (-
(a) O(q® (b) O(q°)
b -
>/ N
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Diagrams
two loop

(i) O(q°)
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Diagrams
two loop

(k) O(¢°) (1) O(a°)

’\9

t- &/
(m) O(¢%) (n) O(qﬁ) (0) O(q°)
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Diagrams
two loop further

Nils Conrad | The Nucleon Mass in Chiral Perturbation Theory Beyond one Loop | September 12, 2017




RUHR-UNIVERSITAT BOCHUM
Calculate the Diagrams

Contact Interaction

Y. = —dasM? —2(e115 + en16 + 8esg) M* + g1 MO,
For the simplification of the calculations make a shift

m—m+Ic=my—m=x =0(q).

This implies
- 22 2 2 3
plrpan p=m"+my—m-=m"+0O(mg’)
im #(@)pu(p) = 5(5) (p = m + m -+ my — m) u(p) = () mu(p)

For diagrams, which are of minimal order O(g*) terms the replacments

p—>mandp~p%m2

2

are valid, so that terms like p — mly and p - p — m* vanish.
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Calculate the Diagrams
Preface

1. The Feynman Rules are applied to get the matematical expression.

2. Suitable zeros are added to reduce the tensor rank.

3. All integrals are reduced to scalar integrals in d + ... dimensions
(Davydychev 1991, Tarasov 1996).

4. The integrals are expressed with a short set of “Master Integrals”
(using the program TARCER based on Tarasov's algorithm).

example:
///__;\\\
’ /1)a \
s@ (1) (1)
—ixe’ = S\ S WS

P \p—/l—/;z/ p

-
b, b
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Calculate the Diagrams
apply Feynman Rules

e apply FR

e use {7,175} =0, 1575 = Lg, TaTh = Oapla + icapcTc to simplify the
expressions

e simplify and order the expression using

{vuw} = 28w la
= pp=(p-p)lg and ¢,4, = —d,d, +2(q1- q2) 14
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Calculate the Diagrams
apply Feynman Rules — Example

—2ix® =
lll ® (Tc€ape) _ /2 ® (Tc€abc)
4F2 4F2
ily ® 1z ily ® 1y i(mlg @ 1o+ (=/1— [+ p) ® 12)
(h-h)+ie—M2 " (b-h)+ie—M2 ~ (= —h+p)-(—=h —h +p)) +ic —m?

(—/1 ® (Tg€abd) —/2 ®(Td5.abd))
©
4F?2 4F2

—2ix® =
3

8F4(/1-/1—M2+is) (12‘,2—M2+I-E> ((11+/2—p)~(ll+lz—p)—m2+i5)

[11d"7(*2(/1 “h)+(h-h)+(k-h)—p(=2(h - L)+ (h-h)+ (k- k)
=112k -h)=2(h-p)+(h-h)+2(h-p) —3(k-h))

+l2(=2(h - k) —2(h - p)+3(h-h)+2(k-p)—(h- /2))] ® 1z
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Calculate the Diagrams
add Zeros

e idea: reduce tensor rank by adding suitable zeros
I-1 _/-/—M2+I\/I2_1+ M?
[-1—M?+je [-1—M?+je [-1—M?+ie
e (in the case of one loop diagrams) rewrite in the denominator

q-q—m2+i0—>P[q,m]

and in the numerator

Ip—s 5[0 =p)-(1=p) = (114 p-p)

(I=p)-(I=p) = Pll = p,M] + m’
I-1— P[l,M] + M?

e individual procedure — for example:
- rewrite /- p only when also P[/, m| appears in the denominator
- rewrite (/- p)* only once for P[/, m] to the power of one in the denominator
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Calculate the Diagrams
add Zeros

further simplification:

e scale-less integrals vanish in dimensional renormalization

aqr -
/(2W)d/1/2—>0

e use T-notation

e cancel odd integrals

49 /v 0
/(2W)d(p—/)-(p—/)—m2+i6_

o omit terms like p- p — m?
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Calculate the Diagrams
add Zeros — Notation

TSl (di a1, 00) =

R 1
_/(27r)d(/~/— M2 +ie)™ (1= p) - (I = p) = m? + ie)™

)it V% 1/

Tp my,mo, mg mg,ms (d B17ﬂ27ﬂ3a ﬂ4vﬂ5)

vl U V2
adl / a9 G
@m)d ) @m)I (b —m2+ie)" (b b — m2 + ic)™
1
((h=p)-(h—p) = m3 + i) (b = p)- (b — p) — m} + ic)™

1
(h+h—p)-(h+h—p)—md+ic)®
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Calculate the Diagrams
add Zeros — Example

—2ix® =
3 H1(Lgm — p) — 2M2yH1 ! (1,1,0,0,1)
guivy (P d 4 kl pyM,M,m,m,m\" 5 P
4F4
30 1 (1gm— ) — a2y ) T g0
guivy (P d 4 ks P, M, M,m,m,m\" 0 Y
4F4
3iM2(1ym — p) T (1,1,0,0,1)  3i(1ym — p)T (0,1,0,0,1)
d BTy M m,m,m1 10,0, N d BTy M m,mm® 10,0,
2F4 4F4
3i(1gm — p)T? (1,0,0,0,1)  3i(1ym — p)T? (1,1,0,0,0)
d BTy M, m,mm1:0,0,0, _ d ATy M M,mmmL 100,
4F4 8F4
- (@17}
3102 (81 8uzy + Bur1Buzwa ) Tyt 2o (L 1050, 1)
2F%
) @2 ) @)}
11 Tprtman @ 100 1) 39181 Ty (1 0:0:0. 1
2F4 2F4
u v - @7
37 g1 Ty (1515 0,0,0) 3 gy TP L (1,1,0,0,0)

8F4 8F4
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Calculate the Diagrams
scalar integrals

e factorize into one loop integrals for example

ul...l/,ll 1/2...1/5 Vi...Up V1...Vp
Tp,l{mk}lizll 2 (d, aq, Qg, 07 07 0) = 7—p,ln71,01 (d, aq, 0) 7—p7lm2,02 (d' Qo, 0)

1 1.2
Vl...l/,'llll

7 d9h a9l
n . —
Totmgs,  (4:0.02,0,0.05) = / (2r)? / (2n)?

1 /Vl [ Y1 /Vf272 ’
(h+h—m+ ie)* (k- h—md+ig)™ Lo 2 h—h—k+p

e reduce tensor integrals to integrals in d + ...-dimensions

1. Rewrite the tensor structure by using derivatives.

2. Rewrite the propagators with the Schwinger trick/ in A-representation

3. Evaluate the integral(s) over the loop momentum/ momenta per Gaussian
integration.

4. Construct a operator and reverse the Gaussian integration and the
A-parametrization for the scalar integral.

5. Apply the operator to the scalar integral.

Nils Conrad | The Nucleon Mass in Chiral Perturbation Theory Beyond one Loop | September 12, 2017 28
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Calculate the Diagrams
scalar integrals

Twewn (g - a‘ 1..¥n
a1, ap o o
pomy 3 (2m)? ((/~I)7m§+i€) ! ((pr)<(l7p)7m§+i5) 2

o first two steps yield

011+042
aj—1lyar—1 1)
(—i) Haa aor / / dAddp ATTTIAS T G

e Gauss integration
1 y iQ()\, a)
DO)E p( D() )

d
2

o ()

/\2P2
(:)\1 (—=m3 +ie) + iXo (P — m3 + ig) — i——2 )
(A) =

A+ A
=M+X Q\ab)=(p-a)Q+aQu
1
Q=X Qu= ~2
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Calculate the Diagrams

scalar integrals
1

1 $
<> (D(N))

¢ =
()"
exp (i)\l (—mf + ie) +iA2 (p2 - mg + ie) — i

(%)
Asp )

A1+ Ao

d
2

1

d+2

i

1 S
d — (271—) ; (27T)d+2

\
N—
—
S
—
>
~—

1 1
Do) (2r)?

i

1 cjan2gt
(N

D
.. 0
)\,‘2172

(numerator)
oms
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Calculate the Diagrams
scalar integrals

one can build a operator

TUn (dra, o) =T (p,{@/@mz} d¥) Tpm.m, (d; a1, a2)

P,mhmz

TVivn (P, {6/8m2}>d+ = —l) H 8

) a=0
=i =<5 9
I om?
J
p=idmwd*t
similar in the two loop case

1 1 2 2
Vl...anyl... np
5

pAmi}_

=TV~ ”%”12 Vi (p,{8/0m2} d+) P {m, (d; a1, aa, a3, g, as)
-’-1/11.4.1/,1,11112...11"2 (P {8/3m2},d+)

(d; a1, a0, 03, 0, ais)

n n

= (—i)mtm H H 33 at? exp (iQ (N, a,b) p) |a= )

ki=1k=1 """k )‘J 32

p—7167r2d+

Nils Conrad | The Nucleon Mass in Chiral Perturbation Theory Beyond one Loop | September 12, 2017

31



RUHR-UNIVERSITAT BOCHUM

Calculate the Diagrams
scalar integrals — Example

—2ix® =
. 2
12in? (p (b p) +2M2) = 1gm (P P)) Th) g, mgms (4 +211,2,0,0,2)
F4
. 2
12in (p ((p- p) +2M2) = Lam (P P)) Th my g mg.ms (d +22,1,0,0,2)
+ =
3iM2(Lgm — p) T d;1,1,0,0,1
LI Cm — BT gy (1,100,
2F4
. 1 1
3iT(ms, 0)(d; 1, O)(p(T’(Wl),O(d; 1,0) + T(mp,0)(d; 1,0)) — 11me,(”2)’0(¢1; 1,0))
- 4F*
(1 1 1
3:Tr(nl)y0(d; 1,0)((1gm — p)Tr(nz)TO(d; 1,0) — 211me;5)70(¢1; 1,0))
8F*

1536in%p (p - p) TS

p,my,my,m3,my,mg

F4

(d +4;2,2,0,0,3)

Py s g mg.ms (d +2i1,1,0,0,2)

F4

24ir2pT)
+
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Calculate the Diagrams
Master Integrals — Integration by Parts

ddll dd/2 0 Jo! o o
0= / (27‘-)d/ (277)d ailll_L/{LP/hll‘ﬂlPlzfmzpllibvm-"

- dd/]_ dd/2 dPal POQ Pas 2 / / PO‘1+1PO‘2 POA5
- W W hym ' byt h+h—p,ms 041(1' 1) hymy * h,my” h—h,ms

205 (h - b) P PP

hymi® hyma T h—h,ms

—2a5((h-h)—(h-k)) P poz postl

hom T homy T b, ms
one can cancel the scalar products to obtain

[d —20q (14 mi1t) — 20z (1+ m32")

—2as55% (1_ +m? + % (5= +m—1"—mj—27 — m%)) ]

7@ (d; a1,02,0,0,a5) = 0

pw{mk}izl
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Calculate the Diagrams
Master Integrals — Dimension Reduction

T(l) (d al,ag)

p,my,m2

~Hanrea LLL 5 (7)o

A3
exp (/)\ (/ m; +/5> D(I/)\)>

apply on both sides D(A) = A1 + Az in operator form
D()\) = i8m§ + i@mg

gives
idr T (d —2; 01, 00)

p,mi,my

= jay TY) (d;a1+1,a2)+ia2T( ) (d; 1,0 + 1)

p,my,mz p,mi,mz
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Calculate the Diagrams
Master Integrals

e relations between integrals in same dimension
integration by parts

e relations between integrals in different dimensions
Schwinger representation and Gauss integration

= | recurrence relations to reduce integrals to a set of
Master Integrals

Nils Conrad | The Nucleon Mass in Chiral Perturbation Theory Beyond one Loop | September 12, 2017
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Calculate the Diagrams

Master Integrals — Example

—ix® =
1 i
22(d —2)(3d — 4)F*m

+(~7d? +23d — 16) m*M? + (d® = 5d + 6) M*) 7 o o m(di1,1,0,0,1)

{2[(2(20* - 7d +5) m*

—4M? (M2 — ) ((d = 2)M? = 2(d — 1)m?) T 4 (d32,1,0,0,1)]
+(d —2) ((d = 1)m? + (d — 2)M?) (T{14(d: 1,0))?
+(2— d) (4(d — 1)m? + (d —2)M?) T(d; 1,0) Th (s 1, 0)}
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Calculate the Diagrams
Master Integrals — one loop

—is) = 2' {,,(mz_(,,.,,)) T(M,0)({d}.1,0)
+(=p (0 +m?) —2m(p - p)) T(m,0)({d},1,0)

+(p (= (2m* + M) (0 p)+ (- )+ m® — M) — 20 (p - p)) T(M, m)({d}. 1, 1)}

<) _ (1) _ 38amM? 2
=iz, = = ire) = = MP(d18 = 2d16) T(M, m)({d},1,1) + (d18 — 2416) T(m, 0)({d}, 1,0)
1 3¢g> 4 2 2
—ix() :7/‘{ —2mM [/3 (2(d —1)m? — (d — 2)M )
2F4 (4m2 - M2)

+ 1y (M2 — an) } T(M, m)({d},1,1)
+2m ((d = 2)sM* + 1y (4m* M — M*) ) T(m, 0)({d},1,0)

—(d — 2)lmM* T(M, 0)({d}, 1, 0)}
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Calculate the Diagrams
Master Integrals — one loop

1 6M>T(M,0)({d},1,0) (dm2(2c1 —c3) — c2m2)

s
e T3 dF2m?
1 24M*T(M, 0)({d}, 1,0)
s 2 0 ) (264 + 2619 — 36 — 4e
p 5 dd 1 2P (2e14 + 2e10 — ez — 4e3g)
+2d(2e14 + e15 + 2e19 + €0 + €35 — €36 — 4esg)
+ 4eys5 + beyg + 4ex0 + 4635}
e 1 6M*(2c1d(2ly — (d — 2)k) + (<2 + c3d)(dl3 — 213)) T(M, 0)({d}, 1, 0)
i —_ -
g

2 dF*
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Calculate the Diagrams
Master Integrals — two loop

o) 160000~ 1DgimT(M,0)({d},1,0) (M2 T+ T’(nly)o(l,o))

—ir) ==X = -
k / 2 4F4

1 12iM2(T,(\41?0(1, 0))? ((2 — 200)cym? + dm?(5(8c — 1)¢; — 20cvcs + 2C3))

5@
m 8 dF*m?
o 1 3iM?(T$) (1, 0))? (dm2(251(40a +d—6) — c3(40a +d — 4)) — (400 + d — 4)m2)
—ix® =z ’
4 dF4m?2
2
712(2) — L bigy

 2gps (4m2 - MZ)
mTiD(1,0) |:M2 (2 ((d —3)m? + m2(80c + d — 7) — M2(20cx + d — 4))

Tﬂ(j?m(l, 1)+ (d — 2)T,(V}’)0(1, 0)) +2 ((SOa — 8)m? — M?(20a + d — 4)) T, 0)}
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Extended-on-mass-shell Renormalization M

one loop results

2

Th=T, (1)(d,1,0) Q:pp—m%—m%
Tew = Ty (d:1,1) 2mm:
N =T F(Q)=vVQ2—1larccos(—Q) —-1<Q<1

Dimensional Regularization leads to

M2 M?
4—d _ _
preiT, = 16:2 [R—i—ln(u )]+O(4 d)

2 2
4—d _ m m
Ty = — 16 [R—i—ln(u >]+O(4 d)

,u47dT7rN
2 P N Y
_ 12[R+In(m)l+p p-m —M In(M)+2MmF(Q)]
16 u? p-p m p-p
+0(4 — d)
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Extended-on-mass-shell Renormalization
one loop results

Dimensional Regularization (= m, omit O(4 — d)) leads to

M? M?
4—d T _
1 TTr _,1671'2 |:R+ In <rnz):|
2
4—d m
Th=—i——
T
_ 1 p-p—m>—M? M 2Mm
4—d
Tan = — R - n(2) + MM Egq
W N Il67r2[ + b p n - b p Q)

using MS and let d — 4

MM
Te=—iggmln <m2>

2 2
p-p—m-—M M 2Mm

e PP () M R

16772[ + p-p n<m>+p-p ()

PC: T, = O(q%), mTy = O(q®) and mTn = O(q)
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Extended-on-mass-shell Renormalization
one loop results

EOMS leads to
- M? M?
Tr=~iggm " <mz>

1 p—m?— M? M 2M
lp p—m In< )+mF(Q)
p-p p-p

m
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Extended-on-mass-shell Renormalization
two loop idea

/1,3

problematic cases

- h=0(q) and h >>q
2. h >>qand h=0(q)
3. h>>qgand h >>¢q

4 h>>qgand h >>q

—
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Conclusion and Qutlook

e Using a naive power counting scheme all self-energy diagrams up to
chiral order O(g®) are constructed.

e The expressions of the diagrams contain tensor integrals.

e The Tensor Integrals are reduced by (adding zeros and) going to higher
dimensions.

o All Integrals are reduced to a set of Master Integrals in d-dimension.

e The renormalized expression of diagrams are derived for one loop and
“factorizing” two loop diagrams.

outlook

e renormalize all two loop integrals

e get a numeric expression for the nucleon mass depending on the pion
mass
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