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Introduction: QCD factorisation 

QCD factorization <=> effective field theory approach

Q2 � ⇤2
QCDTwo scales: hard and soft 

A(Q2) = H(Q2) ⇤ S(⇤)

H(Q2) = Q�2nHLP(lnQ
2/⇤2) +O(Q�2n�2)

HLP(lnQ
2/⇤2) = hLO

✓
ln

Q2

⇤2

◆�LO

+ hNLO ↵s(Q
2)

✓
ln

Q2

⇤2

◆�NLO

+O(↵2
s)

Q�2nscaling behavior is the model independent QCD prediction (!)
which can be checked by experiment

Log corrections can be computed systematicall in pQCD ↵s(Q
2) ⇠ ln�1 Q2/⇤2 ⌧ 1

Hard part is defined by a hard subprocess ph ⇠ Q p2h ⇠ Q2



QCD factorization <=> effective field theory approach

Q2 � ⇤2
QCDTwo scales: hard and soft 

A(Q2) = H(Q2) ⇤ S(⇤)

Soft part is
p2s ⇠ ⇤2

defined as a matrix element in QCD

associated with a soft subprocess

process independent (universal)

can be estimated only in the framework of 
some nonperturbative approach or 

constrained from the experimental data

Introduction: QCD factorisation 
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Introduction: e+e- & gamma-gamma fusion 



Process JPC=0-+, 0++, 2++, ...
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Introduction: �⇤(q)�(q0) ! M(p)
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Process �⇤(q)�(q0) ! M(p)
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Process �⇤(q)�(q0) ! M(p)
q’+k-p
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The soft part is defined as light-cone matrix element
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Example:

Ŝ(k�/p�) =

Z
dz+e
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Introduction: light-cone distribution amplitude
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FIG. 23: The γγ∗ → π0 transition form factor multiplied
by Q2. The dashed line indicates the asymptotic limit for
the form factor. The solid and dotted lines show the predic-
tions for the form factor [8] for the CZ [26] and asymptotic
(ASY) [27] models for the pion distribution amplitude, re-
spectively. The shaded band represents the prediction for the
BMS [28] pion DA model.

to our data. The values obtained for the parameters are
A = 0.182 ± 0.002 GeV, and β = 0.25 ± 0.02. The fit
result is shown in Fig. 22 by the dotted curve. The ef-
fective Q2 dependence of the form factor (∼ 1/Q3/2) dif-
fers significantly from the leading order pQCD prediction
(∼ 1/Q2) (see Eq.(2)), demonstrating the importance of
higher-order pQCD and power corrections in the Q2 re-
gion under study.

The horizontal dashed line in Fig. 22 indicates the
asymptotic limit Q2F (Q2) =

√
2fπ ≈ 0.185 GeV for

Q2 → ∞, predicted by pQCD [2]. The measured form
factor exceeds the limit for Q2 > 10 GeV2. This con-
tradicts most models for the pion distribution amplitude
(see, e.g., Ref. [24] and references therein), which give
form factors approaching the asymptotic limit from be-
low.

The comparison of the form factor data to the pre-
dictions of some theoretical models is shown in Fig. 23.
The calculation of [8] was performed by A. P. Bakulev,

S. V. Mikhailov and N. G. Stefanis using the light-cone
sum rule method [4, 25] at next-to-leading order (NLO)
pQCD; the power correction due to the twist-4 contribu-
tion [25] was also taken into account. Their results are
shown for the Chernyak-Zhitnitsky DA (CZ) [26], the
asymptotic DA (ASY) [27], and the DA derived from
QCD sum rules with non-local condensates (BMS) [28].

For all three DAs the Q2 dependence is almost flat for
Q2 ! 10 GeV2, whereas the data show significant growth
of the form factor between 8 and 20 GeV2. This indicates
that the NLO pQCD approximation with twist-4 power
correction, which has been widely used for the description
of the form-factor measurements by the CLEO collabo-
ration [12], is inadequate for Q2 less than ∼ 15 GeV2. In
the Q2 range from 20 to 40 GeV2, where uncertainties
due to higher order pQCD and power corrections are ex-
pected to be smaller, our data lie above the asymptotic
limit and are consistent with the CZ model.
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FIG. 23: Distribution of the ISR energy fraction (rk)
calculated from observables in data (solid dots) and in
the signal MC samples (histogram). The data distribu-
tion is shown after background subtraction. The MC
events are normalized to the experimental yield after
background subtraction. Note that there are uncertain-
ties in the value of rk originating from the measurement
and kinematical approximation.

for Q2|F (Q

2
)|). Taking this into account, the uncer-

tainty on A reported by BaBar could be replaced by
A = 0.182± 0.005 GeV. To compare our results with
BaBar’s, we use the same parameterization in our fit
procedure and assume a Q

2-independent systematic
uncertainty (thus, the total normalization error) of
3.2% for Q2|F (Q

2
)|; we remove this component from

the combined statistical and systematic errors and
instead add it in quadrature to the uncertainty in A.
The fit results from Belle are A = 0.169±0.006 GeV
and � = 0.18 ± 0.05. The goodness of the fit is
�

2
/ndf = 6.90/13, where ndf is the number of de-

grees of freedom. The fit results are also shown in
Fig. 24. The fit of the Belle data to the function is
good, and we find a difference of ⇠ 1.5� between the
Belle and BaBar results in both A and �.

We then try another parameterization in which
Q

2|F (Q

2
)| approaches an asymptotic value, namely

Q

2|F (Q

2
)| = BQ

2

Q

2
+ C

. (23)

The fit gives B = 0.209± 0.016 GeV and C = 2.2±
0.8 GeV

2 with �

2
/ndf = 7.07/13, and is also shown

in Fig. 24. The fitted asymptotic value, B, is slightly
larger than the pQCD value of ⇠ 0.185 GeV but is
consistent.

For a simple estimate of the consistency between
the Belle and BaBar results, we compare the data
from individual experiments with a reference curve

FIG. 24: Comparison of the results for the product
Q

2|F (Q2)| for the ⇡

0 from different experiments. The
error bars are a quadratic sum of statistical and system-
atic uncertainties. For the Belle and BaBar results, only
a Q

2-dependent systematic-error component is included.
The two curves denoted fit(A) use the BaBar parameter-
ization while the curve denoted fit(B) uses Eq.(23) (see
the text). The dashed line shows the asymptotic predic-
tion from pQCD (⇠ 0.185 GeV).

obtained by fitting the data from both experiments
together using parameterization of Eq. (23). The
seven data points from Belle (from BaBar) for the
range 9 GeV2

< Q

2
< 20 GeV2, where the two mea-

surements seem to be systematically shifted, devi-
ate from the reference curve by (�6.1 ± 3.8)% (by
(+4.8 ± 3.0)%) in average relative to it. We incor-
porate the Q

2-independent uncertainty in each mea-
surement in the above error. The difference between
the Belle and BaBar deviations, (10.9 ± 4.8)%, cor-
responds to a 2.3� significance. This result does not
depend on choice of the reference curve.

VI. SUMMARY AND CONCLUSION

We have presented a measurement of the neutral
pion transition form factor for the process ��⇤ ! ⇡

0

in the region 4 GeV

2 <⇠ Q

2 <⇠ 40 GeV

2 with a
759 fb�1 data sample collected with the Belle detec-
tor at the KEKB asymmetric-energy e

+
e

� collider.
The measured values of Q

2|F (Q

2
)| agree with the

previous measurements [1, 3, 4] for Q

2 <⇠ 9 GeV

2.
In the higher Q

2 region, in contrast to BaBar, our
results do not show a rapid growth with Q

2 and are
closer to theoretical expectations [5].
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FIG. 17: The γγ∗ → |n⟩ transition form factor multiplied by
3Q2/5 in comparison with the γγ∗ → π0 transition form fac-
tor [1]. The dashed line indicates the asymptotic limit for the
π0 form factor. The dotted, dash-dotted, and solid curves
show predictions of Ref. [29] for the asymptotic DA [30],
the Chernyak-Zhitnitsky π0 DA [31], and the π0 DA from
Ref. [32], respectively.
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FIG. 18: The γγ∗ → |s⟩ transition form factor multiplied by
Q2. The dashed line indicates the asymptotic limit for the
form factor. The dotted curve shows the prediction [29] for
the asymptotic DA [30].

For example, an admixture of the two-gluon component
in the η′ meson [33–36] can lead to a significant shift of
the values of the |s⟩ form factor.

In summary, we have studied the e+e− → e+e−η and
e+e− → e+e−η′ reactions and measured the differential
cross sections (dσ/dQ2) and the γ∗γ → η(′) transition
form factors F (Q2) in the momentum transfer range from
4 to 40 GeV2. In general, our results are in reasonable
agreement with the previous CLEO measurements [9].
We significantly improve the precision and extend the
Q2 region for form factor measurements.
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�⇤(q)�(q0) ! f2(p) Br[f2 ! ⇡⇡] ⇠ 85%�[f2] = 185MeV
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gµν⊥ = gµν − 1

(q1q2)
(qµ1 q

ν
2 + qν1q

µ
2 ) +

q21
(q1q2)2

qµ2 q
ν
2 , 2q1q2 = m2 +Q2 . (2.5)

The polarization tensor e(λ)αβ is symmetric and traceless, and satisfies the condition e(λ)αβP
β =

0. Polarization sums can be calculated using

∑

λ

e(λ)µν e
(λ)∗
ρσ =

1

2
MµρMνσ +

1

2
MµσMνρ −

1

3
MµνMρσ , (2.6)

where Mµν = gµν − PµPν/m2 and the normalization is such that e(λ)µν e
(λ′)∗
µν = δλλ′ . The

invariant form factors T0, T1 and T2 correspond to the three possible helicity amplitudes

T0 : γ∗(±1) + γ(±1) → f2(0) ,

T1 : γ∗(0) + γ(±1) → f2(∓1) ,

T2 : γ∗(±1) + γ(∓1) → f2(±2) . (2.7)

All three amplitudes (form factors) have mass dimension equal to one and scale as Tk ∼ Q0

(up to logarithms) in the Q2 → ∞ limit. The two-photon decay width of f2(1270) is given

by [21]

Γ[f2 → γγ] =
πα2

5m

(
2

3
|T0(0)|2 + |T2(0)|2

)
= 3.03(40) keV , (2.8)

where α ≃ 1/137 is the electromagnetic coupling constant. Assuming that |T2(0)| ≫ |T0(0)|
we obtain

|T2(0)| ≃
√

5m

πα2
Γ[f2 → γγ] = 339(22)MeV. (2.9)

The relation of our definition of helicity form factors to the other existing in the literature

definitions is given in appendix A.

3 Distribution amplitudes

In the standard classification the tensor JPC = 2++ SU(3)f nonet is composed of f2(1270),

f ′2(1525), a2(1320) and K∗2 (1430). Isoscalar tensor states f2(1270) and f ′2(1525) have a

dominant decay mode in two pions (or two kaons). The isovector a2(1320) decays only in

three pions and is more difficult to observe in hard reactions. In the quark model these

mesons are constructed from a constituent quark-antiquark pair in the P-wave and with the

total spin equal to one. In QCD they can be represented by a set of Fock states in terms of

quarks and gluons, that further reduce to DAs in the limit of small transverse separations.

In the exact SU(3)-flavor symmetry limit the f2(1270) meson is part of a flavor-octet,

f2 = T8, and f ′2(1525) is a flavor-singlet, f ′2 = T1. However, it is known empirically that the

SU(3)-breaking corrections are large. Since f2(1270) and f ′2(1525) decay predominantly in

ππ and KK, it follows that they are close to the nonstrange and strange flavor eigenstates,

respectively, with a small mixing angle, see [21, 22]. In this paper we assume ideal mixing

at a low scale which we take to be µ0 = 1GeV, for definiteness. In other words, we assume
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three pions and is more difficult to observe in hard reactions. In the quark model these

mesons are constructed from a constituent quark-antiquark pair in the P-wave and with the

total spin equal to one. In QCD they can be represented by a set of Fock states in terms of

quarks and gluons, that further reduce to DAs in the limit of small transverse separations.

In the exact SU(3)-flavor symmetry limit the f2(1270) meson is part of a flavor-octet,

f2 = T8, and f ′2(1525) is a flavor-singlet, f ′2 = T1. However, it is known empirically that the

SU(3)-breaking corrections are large. Since f2(1270) and f ′2(1525) decay predominantly in

ππ and KK, it follows that they are close to the nonstrange and strange flavor eigenstates,

respectively, with a small mixing angle, see [21, 22]. In this paper we assume ideal mixing

at a low scale which we take to be µ0 = 1GeV, for definiteness. In other words, we assume
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Calculation of the helicity cross sections (A.1) in terms of the Lorentz covariant amplitudes

similar to Ti was done in ref. [10], see appendix C3. Using the expressions presented there

we obtain

σ±±
TT = δ(s−m2) 8π2 5Γγγ

m

{
ΓΛ=0
γγ

Γγγ

(
1 +

Q2

m2

)−1 ∣∣∣∣
T0(Q2)

T0(0)

∣∣∣∣
2}

, (A.3)

σLT = δ(s−m2) 8π2 5Γγγ

m

{
πα2

5mΓγγ

Q2/m2

(1 +Q2/m2)3
∣∣T1(Q

2)
∣∣2
}
, (A.4)

σ±∓
TT = δ(s−m2) 8π2 5Γγγ

m

{
ΓΛ=2
γγ

Γγγ

(
1 +

Q2

m2

)−1 ∣∣∣∣
T2(Q2)

T2(0)

∣∣∣∣
2}

, (A.5)

where ΓΛ
γγ stands for the two-photon decay width of f2(1270) with the polarization Λ:

ΓΛ=2
γγ =

πα2

5m
|T2(0)|2 , ΓΛ=0

γγ =
πα2

5m

2

3
|T0(0)|2 . (A.6)

Using these expressions and the definitions in (A.2) one finds

F0(Q
2) =

√
ΓΛ=0
γγ

Γγγ

(
1 +

Q2

m2

)−1 ∣∣∣∣
T0(Q2)

T0(0)

∣∣∣∣ , (A.7)

F1(Q
2) =

√
πα2

5mΓγγ

√
Q2/m2

(1 +Q2/m2)2
∣∣T1(Q

2)
∣∣ , (A.8)

F2(Q
2) =

√
ΓΛ=2
γγ

Γγγ

(
1 +

Q2

m2

)−1 ∣∣∣∣
T2(Q2)

T2(0)

∣∣∣∣ . (A.9)

Experimentally the ratio of the decay widths with Λ = 0 and Λ = 2 is small [39]:

ΓΛ=0
γγ

ΓΛ=2
γγ

≃ (3.7± 0.3)× 10−2. (A.10)

Hence the expressions in (A.7)–(A.9) can be simplified neglecting the contribution of ΓΛ=0
γγ

in the full decay width:

F0(Q
2) ≃

√
2

3

(
1 +

Q2

m2

)−1 ∣∣∣∣
T0(Q2)

T2(0)

∣∣∣∣ , (A.11)

F1(Q
2) ≃

√
Q2/m2

(1 +Q2/m2)2

∣∣∣∣
T1(Q2)

T2(0)

∣∣∣∣ , (A.12)

F2(Q
2) ≃

(
1 +

Q2

m2

)−1 ∣∣∣∣
T2(Q2)

T2(0)

∣∣∣∣ . (A.13)

We use these simplified relations in order to present the data [7] in terms of the Ti form

factors that are more suitable for comparison with QCD predictions.

The effective form factor Ff2(Q
2) is defined in [7] as

Ff2(Q
2) =

√
F 2
0 (Q

2) + F 2
1 (Q

2) + F 2
2 (Q

2) . (A.14)
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that does not involve such small factors. We also calculate and add the leading-twist

c-quark contribution.

With these new additions, the expressions for the form factors are

T0 = ⟨fq⟩
∫ 1

0

du

ū

[
1 +

αs

4π
Cq(u)

]
φ2(u)−

αs

4π

2

3
fS
g

∫ 1

0
duCS

g (u)φ
S
g (u)

+
2m2

Q2
⟨fq⟩

∫ 1

0

du

ū

[
u lnuφ2(u)−

1

8ū
φ4(u)

]
, (4.1)

T1 = 2⟨fq⟩
∫ 1

0

du

ū

[
gv(u)− ga(u)

]

= 4⟨fq⟩
∫ 1

0

du

ū
ln(u)φ2(u) + 2⟨fq⟩

∫
DαCΦ(α)

[
Φ3(α) + Φ̃3(α)

]
, (4.2)

T2 =
4m2

Q2
⟨fq⟩

∫ 1

0
du lnu gv(u) +

αs

π
fT
g

∫ 1

0

du

ū

[
2

3
+

4

9
Cc(u)

]
φT
g (u) , (4.3)

where the notation ⟨fq⟩ stands for the sum of the light quark couplings weighted with the

electromagnetic charges

⟨fq⟩ =
4

9
fu(µ) +

1

9
fd(µ) +

1

9
fs(µ) =

5
√
2

18
fq(µ) +

1

9
fs(µ) . (4.4)

The coefficient function of the three-particle DAs to T1 is given by

CΦ(α) =
1

α2

[
1

α1ᾱ1
+

1

α2

(
lnα1

ᾱ1
− ln ᾱ3

α3

)
+

lnα1

ᾱ2
1

]
, (4.5)

and the NLO quark and gluon coefficient functions for T0 read [13]

Cq(u) = CF

[
ln2 ū+ 3 lnu− 9

]
, CS

g (u) =
2 lnu

uū2

[
u lnu− 2u− 2

]
. (4.6)

The c-quark contribution to T2(Q2) (this is a new result) is given by

Cc(u) = 1 +
2m2

c

Q2

[
− β

uū
ln

(
β + 1

β − 1

)
+

βu
ū

ln

(
βu + 1

βu − 1

)
+

βū
u

ln

(
βū + 1

βū − 1

)
(4.7)

+
1

uū

(
1

2
+

m2
c

Q2

)(
ln2
(
β + 1

β − 1

)
− ln2

(
βu + 1

βu − 1

)
− ln2

(
βū + 1

βū − 1

))]
,

where

βu =

√

1 +
4m2

c

uQ2
, β ≡ β1. (4.8)

Here mc ≃ 1.4GeV is the c-quark mass. We did not calculate the corresponding contribu-

tion to T0(Q2) because in this case it is a part of a O(αs) correction to the leading-order

result O(1). It turns out (see below) that the c-quark contribution to T2 is still strongly

suppressed as compared to the light quarks in the Q2 range of the Belle experiment, so

that taking it into account for T0 does not seem to be worth the effort at this stage in view

of the other uncertainties.
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The integral of the DA ga(u) vanishes
∫ 1

0
du ga(u) = 0 , (3.9)

and the first nonzero (second) moment,
∫ 1
0 du (2u − 1)2ga(u), involves contributions of

three-particle operators, see below.

The coupling fq is defined as the matrix element of the local operator

1

2
⟨f2(P,λ)|q̄

[
γµi

↔
Dν +γνi

↔
Dµ

]
q|0⟩ = fqm

2e(λ)∗µν (3.10)

where
↔
Dµ=

→
Dµ −

←
Dµ is the covariant derivative. This coupling is scale dependent and gets

mixed with the gluon coupling and the similar coupling for strange quarks. In appendix B

we summarize the scale dependence of all DA parameters introduced in this section.

The numerical value of fq has been estimated in the past [23–25] (see also appendix D)

using the QCD sum rule approach. Another possibility is to use the experimental result

on the decay width Γ(f2 → ππ) and estimate fq assuming that the matrix element of the

energy-momentum tensor ⟨π+π−|Θµν |0⟩ is saturated by the tensor meson [23–27]. These

two estimates agree with each other surprisingly well, although this agreement should not

be overrated as in both cases the non-resonant two-pion background is not taken into

account. We use (cf. [23] and appendix D)

fq = 101(10) MeV (3.11)

(at the scale 1GeV) as the default value for the present study. Note that the positive

sign for this coupling is a phase convention, whereas the relative signs of the other matrix

elements with respect to fq are physical and can be determined by considering suitable

correlation functions as explained in appendix D.

Using the definitions in (3.3) it is easy to derive the operator product expansion (OPE)

of quark bilinears close to the light cone x2 → 0 (at the tree level):

⟨f2(P,λ)|q̄(x)γµq(−x)|0⟩

= fqm
2 e(λ)∗xx

(Px)2
Pµ

∫ 1

0
du ei(2u−1)(Px)

[
φ2(u)− gv(u) +

1

4
x2m2φ4(u)

]

+ fqm
2 e

(λ)∗
µx

Px

∫ 1

0
du ei(2u−1)(Px) gv(u)

+
1

2
fqm

4xµ
e(λ)∗xx

(Px)3

∫ 1

0
du ei(2u−1)(Px)

[
2gv(u)− φ2(u)− g4(u)

]
,

⟨f2(P,λ)|q̄(x)γµγ5q(−x)|0⟩

= −ifqm
2ϵµναβ

xνPα

Px

e(λ)∗βx

Px

∫ 1

0
du ei(2u−1)(Px) ga(u) , (3.12)

where φ4(u) is another twist-four two-particle DA that can be expressed in terms of the

other functions using QCD equations of motion (EOM), see below.
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Figure 5. The leading contribution to the radiative decay Υ(1S) → γf2(1270).

E fS
g from the radiative decay Υ(1S) → γf2

The scalar gluon coupling fS
g can be estimated from the bottomonium decay Υ(1S) →

γf2(1270). The dominant contribution comes from the two-quark QQ̄ component of the

bottomonium wave function; the contribution of higher Fock states is suppressed by the

small relative velocity of the heavy quarks. To the leading-order accuracy the decay am-

plitude is described by the diagram in figure 5. The corresponding calculation was already

done in refs. [47–49]. The result reads

A [Υ(1S) → γ f2] = (ϵ∗γ · ϵΥ)
√

2MΥ

√
3

2π

R10(0)

m4
b

2παseeb e
(λ)∗
nn fS

g m
2
f
1

4

∫ 1

0

du

uū
φS
g (u) , (E.1)

where ϵ∗γ and ϵΥ are the polarization vectors of the photon and heavy meson, respectively,

mb is the b-quark (pole) mass and R10(0) denotes the radial wave function of Υ(1S) at the

origin. Potentially there could be also a contribution of the transverse DA φT
g (t), but the

corresponding terms cancel to the leading-order accuracy.

In order to avoid the dependence on the nonperturbative parameter R10(0) it is con-

venient to consider the ratio

Br[Υ(1S) → γ f2]

Br[Υ(1S) → e+e−]
=

64π

3

α2
s(4m

2
b)

α

(
1− m2

M2
Υ

) [
fS
g ISg

]2

m2
b

, (E.2)

where this dependence cancels. Here we used the notation ISg for the integral

ISg (µ) =
1

4

∫ 1

0

du

uū
φS
g (u, µ) . (E.3)

For the asymptotic DA φS
g (u, µ) = 30u2(1 − u)2 one obtains ISg = 5

4 . The branching

fractions on the l.h.s. of eq. (E.2) are known, see [21]:

Br[Υ(1S) → γ f2] = (1.01± 0.09)× 10−4,

Br[Υ(1S) → e+e−] = (2.38± 0.11)× 10−2 . (E.4)

Using mb ≃ 4.8GeV, αs(4m2
b) = 0.176 and α ≃ 1/137 we obtain

|fS
g ISg |(µ2 = 4m2

b) = (18.6± 1.9) ,MeV , (E.5)

where from, for the asymptotic DA, one finds

fS
g (µ

2 = 4m2
b) = (14.9± 0.8)MeV. (E.6)
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Figure 3. The form factors T0(Q2), T1(Q2), T2(Q2) (from top to bottom) normalized to T2(0) =
339MeV. The result for T0(Q2) shown by the solid line includes the estimate of soft end-point
contributions using light-cone sum rules. The result without the soft correction is shown by dashes.
The error band for T1(Q2) (shaded area) corresponds to variation of the twist-three parameters
in the range specified in (3.19), whereas for T2(Q2) we also include variation of the tensor gluon
coupling fT

g in the range ±50MeV. The experimental data are taken from ref. [7]. Only statistical
errors are shown.
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In addition we define three-particle twist-three DAs as

gµµ
′

⊥ ⟨f2(P,λ)|q̄(z3n)igGµ′n(z2n)/nq(z1n)|0⟩ = fqm
2(pn)e(λ)∗⊥µn

∫
Dα eipn

∑
αkzkΦ3(α) ,

gµµ
′

⊥ ⟨f2(P,λ)|q̄(z3n)gG̃µ′n(z2n)/nγ5q(z1n)|0⟩ = fqm
2(pn)e(λ)∗⊥µn

∫
Dα eipn

∑
αkzkΦ̃3(α) .

(3.13)

The conformal expansion of the three-particle DAs reads [28, 29]

Φ3(α) = 360α1α
2
2α3

[
ζ3 +

1

2
ω3(7α2 − 3) + . . .

]
,

Φ̃3(α) = 360α1α
2
2α3

[
0 +

1

2
ω̃3(α1 − α3) + . . .

]
. (3.14)

The two-particle DAs ga(u) and gv(u) have collinear twist three and contain con-

tributions of geometric twist-two and twist-three operators.1 The contributions of lower

geometric twist are traditionally referred to as Wandzura-Wilczek (WW) contributions.

They can be calculated in the terms of the leading-twist DA φ2(u) as [9, 23]

gWW
v (u) =

∫ u

0
dv

φ2(v)

v̄
+

∫ 1

u
dv

φ2(v)

v
,

gWW
a (u) =

∫ u

0
dv

φ2(v)

v̄
−
∫ 1

u
dv

φ2(v)

v
. (3.15)

Assuming for simplicity the asymptotic expression for the leading-twist quark DA

φas
2 (u) = 30u(1− u)(2u− 1) , (3.16)

one obtains

gWW
v (u) = 3C1/2

1 (2u− 1) + 2C1/2
3 (2u− 1) ,

gWW
a (u) = 5C1/2

2 (2u− 1) , (3.17)

where C1/2
n (x) are Legendre polynomials. The Legendre expansion can be motivated by

the properties of these DAs under conformal transformations [28, 29]. The “genuine”

geometric twist-three contributions can be related to the three-particle DAs using EOM,

see appendix C. For the truncation in (3.14) one obtains

ga(u) = gWW
a (u)− 10ζ3C

1/2
2 (2u− 1) +

15

8
(ω3 − ω̃3)C

1/2
4 (2u− 1) ,

gv(u) = gWW
v (u)−

[
10ζ3 −

15

8
(ω3 − ω̃3)

]
C1/2
3 (2u− 1) . (3.18)

1We remind that geometric twist is defined as “dimension minus spin” of the corresponding operators,

whereas collinear twist is defined as “dimension minus spin projection on the light-ray direction”. The

collinear twist counting is closely related to the counting of powers of large “plus” components of meson

momentum in the matrix elements and determines power suppression of the corresponding contributions

at large Q2, see e.g. ref. [29].
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The twist-three matrix elements can be estimated using QCD sum rules, see appendix D.

We obtain (at the scale 1GeV)

ζ3 = 0.15(8) , ω3 = −0.2(3) , ω̃3 = 0.06(1) . (3.19)

The DAs φ4(u) and g4(u) have collinear twist four and receive contributions of the

geometric twist-two, -three and -four operators. The Wandzura-Wilczek-type twist-two

contributions assuming the asymptotic expression for φ2(u) (3.16) have the form

φWW
4 (u) = 100u2(1− u)2(2u− 1) ,

gWW
4 (u) = 30u(1− u)(2u− 1) . (3.20)

We expect that these contributions are the dominant source of the power-suppressed correc-

tions ∼ 1/Q2 because of the large mass of the f2(1270) and will neglect “genuine” geometric

twist-three and twist-four contributions. The derivation of the expressions in (3.20) pro-

ceeds similar to the case of the DAs of vector mesons considered in [28, 30, 31] so that we

omit the details.

Finally, the leading-twist gluon DAs of f2(1270) can be defined as [9]

gµµ
′

⊥ gνν
′

⊥ ⟨f2(P,λ)|Ga
nµ′(z2n)G

a
nν′(z1n

′)|0⟩

= fT
g

[
e(λ)⊥µν(pn)

2 − 1

2
g⊥µνm

2e(λ)nn

] ∫ 1

0
du eiz

u
12pnφT

g (u)

− fS
g m

2g⊥µνe
(λ)
nn

∫ 1

0
du eiz

u
12pnφS

g (u) . (3.21)

The distribution amplitudes φT
g (u) and φS

g (u) are both symmetric to the interchange of

u ↔ ū and describe the momentum fraction distribution of the two gluons in the f2-meson

with the same and the opposite helicity, respectively. The asymptotic distributions at large

scales are equal to

φT,as
g (u) = φS,as

g (u) = 30u2(1− u)2 . (3.22)

The normalization constants fT
g and fS

g are defined through the matrix element of the local

two-gluon operator:

⟨f2(P,λ)|Ga
αβ(0)G

a
µν(0)|0⟩ = fT

g

{[
(PαPµ − 1

2
m2gαµ) e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}

−1

2
fS
g m

2

{[
gαµ e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}
. (3.23)

The coupling fS
g can be estimated from the radiative decay Υ(1S) → γf2, see appendix E.

The result is consistent with the assumption that fS
g is very small at hadronic scales and

is generated mainly by the evolution. In the numerical analysis we use the value

fS
g (1GeV) = 0 . (3.24)
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The twist-three matrix elements can be estimated using QCD sum rules, see appendix D.

We obtain (at the scale 1GeV)

ζ3 = 0.15(8) , ω3 = −0.2(3) , ω̃3 = 0.06(1) . (3.19)

The DAs φ4(u) and g4(u) have collinear twist four and receive contributions of the

geometric twist-two, -three and -four operators. The Wandzura-Wilczek-type twist-two

contributions assuming the asymptotic expression for φ2(u) (3.16) have the form

φWW
4 (u) = 100u2(1− u)2(2u− 1) ,

gWW
4 (u) = 30u(1− u)(2u− 1) . (3.20)

We expect that these contributions are the dominant source of the power-suppressed correc-

tions ∼ 1/Q2 because of the large mass of the f2(1270) and will neglect “genuine” geometric

twist-three and twist-four contributions. The derivation of the expressions in (3.20) pro-

ceeds similar to the case of the DAs of vector mesons considered in [28, 30, 31] so that we

omit the details.

Finally, the leading-twist gluon DAs of f2(1270) can be defined as [9]

gµµ
′

⊥ gνν
′

⊥ ⟨f2(P,λ)|Ga
nµ′(z2n)G

a
nν′(z1n

′)|0⟩

= fT
g

[
e(λ)⊥µν(pn)

2 − 1

2
g⊥µνm

2e(λ)nn

] ∫ 1

0
du eiz

u
12pnφT

g (u)

− fS
g m

2g⊥µνe
(λ)
nn

∫ 1

0
du eiz

u
12pnφS

g (u) . (3.21)

The distribution amplitudes φT
g (u) and φS

g (u) are both symmetric to the interchange of

u ↔ ū and describe the momentum fraction distribution of the two gluons in the f2-meson

with the same and the opposite helicity, respectively. The asymptotic distributions at large

scales are equal to

φT,as
g (u) = φS,as

g (u) = 30u2(1− u)2 . (3.22)

The normalization constants fT
g and fS

g are defined through the matrix element of the local

two-gluon operator:

⟨f2(P,λ)|Ga
αβ(0)G

a
µν(0)|0⟩ = fT

g

{[
(PαPµ − 1

2
m2gαµ) e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}

−1

2
fS
g m

2

{[
gαµ e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}
. (3.23)

The coupling fS
g can be estimated from the radiative decay Υ(1S) → γf2, see appendix E.

The result is consistent with the assumption that fS
g is very small at hadronic scales and

is generated mainly by the evolution. In the numerical analysis we use the value

fS
g (1GeV) = 0 . (3.24)
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The twist-three matrix elements can be estimated using QCD sum rules, see appendix D.

We obtain (at the scale 1GeV)

ζ3 = 0.15(8) , ω3 = −0.2(3) , ω̃3 = 0.06(1) . (3.19)

The DAs φ4(u) and g4(u) have collinear twist four and receive contributions of the

geometric twist-two, -three and -four operators. The Wandzura-Wilczek-type twist-two

contributions assuming the asymptotic expression for φ2(u) (3.16) have the form

φWW
4 (u) = 100u2(1− u)2(2u− 1) ,

gWW
4 (u) = 30u(1− u)(2u− 1) . (3.20)

We expect that these contributions are the dominant source of the power-suppressed correc-

tions ∼ 1/Q2 because of the large mass of the f2(1270) and will neglect “genuine” geometric

twist-three and twist-four contributions. The derivation of the expressions in (3.20) pro-

ceeds similar to the case of the DAs of vector mesons considered in [28, 30, 31] so that we

omit the details.

Finally, the leading-twist gluon DAs of f2(1270) can be defined as [9]

gµµ
′

⊥ gνν
′

⊥ ⟨f2(P,λ)|Ga
nµ′(z2n)G

a
nν′(z1n

′)|0⟩

= fT
g

[
e(λ)⊥µν(pn)

2 − 1

2
g⊥µνm

2e(λ)nn

] ∫ 1

0
du eiz

u
12pnφT

g (u)

− fS
g m

2g⊥µνe
(λ)
nn

∫ 1

0
du eiz

u
12pnφS

g (u) . (3.21)

The distribution amplitudes φT
g (u) and φS

g (u) are both symmetric to the interchange of

u ↔ ū and describe the momentum fraction distribution of the two gluons in the f2-meson

with the same and the opposite helicity, respectively. The asymptotic distributions at large

scales are equal to

φT,as
g (u) = φS,as

g (u) = 30u2(1− u)2 . (3.22)

The normalization constants fT
g and fS

g are defined through the matrix element of the local

two-gluon operator:

⟨f2(P,λ)|Ga
αβ(0)G

a
µν(0)|0⟩ = fT

g

{[
(PαPµ − 1

2
m2gαµ) e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}

−1

2
fS
g m

2

{[
gαµ e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}
. (3.23)

The coupling fS
g can be estimated from the radiative decay Υ(1S) → γf2, see appendix E.

The result is consistent with the assumption that fS
g is very small at hadronic scales and

is generated mainly by the evolution. In the numerical analysis we use the value

fS
g (1GeV) = 0 . (3.24)
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The twist-three matrix elements can be estimated using QCD sum rules, see appendix D.

We obtain (at the scale 1GeV)

ζ3 = 0.15(8) , ω3 = −0.2(3) , ω̃3 = 0.06(1) . (3.19)

The DAs φ4(u) and g4(u) have collinear twist four and receive contributions of the

geometric twist-two, -three and -four operators. The Wandzura-Wilczek-type twist-two

contributions assuming the asymptotic expression for φ2(u) (3.16) have the form

φWW
4 (u) = 100u2(1− u)2(2u− 1) ,

gWW
4 (u) = 30u(1− u)(2u− 1) . (3.20)

We expect that these contributions are the dominant source of the power-suppressed correc-

tions ∼ 1/Q2 because of the large mass of the f2(1270) and will neglect “genuine” geometric

twist-three and twist-four contributions. The derivation of the expressions in (3.20) pro-

ceeds similar to the case of the DAs of vector mesons considered in [28, 30, 31] so that we

omit the details.

Finally, the leading-twist gluon DAs of f2(1270) can be defined as [9]

gµµ
′

⊥ gνν
′

⊥ ⟨f2(P,λ)|Ga
nµ′(z2n)G

a
nν′(z1n

′)|0⟩

= fT
g

[
e(λ)⊥µν(pn)

2 − 1

2
g⊥µνm

2e(λ)nn

] ∫ 1

0
du eiz

u
12pnφT

g (u)

− fS
g m

2g⊥µνe
(λ)
nn

∫ 1

0
du eiz

u
12pnφS

g (u) . (3.21)

The distribution amplitudes φT
g (u) and φS

g (u) are both symmetric to the interchange of

u ↔ ū and describe the momentum fraction distribution of the two gluons in the f2-meson

with the same and the opposite helicity, respectively. The asymptotic distributions at large

scales are equal to

φT,as
g (u) = φS,as

g (u) = 30u2(1− u)2 . (3.22)

The normalization constants fT
g and fS

g are defined through the matrix element of the local

two-gluon operator:

⟨f2(P,λ)|Ga
αβ(0)G

a
µν(0)|0⟩ = fT

g

{[
(PαPµ − 1

2
m2gαµ) e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}

−1

2
fS
g m

2

{[
gαµ e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}
. (3.23)

The coupling fS
g can be estimated from the radiative decay Υ(1S) → γf2, see appendix E.

The result is consistent with the assumption that fS
g is very small at hadronic scales and

is generated mainly by the evolution. In the numerical analysis we use the value

fS
g (1GeV) = 0 . (3.24)

– 8 –

p
r
o
o
f
s
 
J
H
E
P
_
0
2
2
P
_
0
4
1
6

The twist-three matrix elements can be estimated using QCD sum rules, see appendix D.

We obtain (at the scale 1GeV)

ζ3 = 0.15(8) , ω3 = −0.2(3) , ω̃3 = 0.06(1) . (3.19)

The DAs φ4(u) and g4(u) have collinear twist four and receive contributions of the

geometric twist-two, -three and -four operators. The Wandzura-Wilczek-type twist-two

contributions assuming the asymptotic expression for φ2(u) (3.16) have the form

φWW
4 (u) = 100u2(1− u)2(2u− 1) ,

gWW
4 (u) = 30u(1− u)(2u− 1) . (3.20)

We expect that these contributions are the dominant source of the power-suppressed correc-

tions ∼ 1/Q2 because of the large mass of the f2(1270) and will neglect “genuine” geometric

twist-three and twist-four contributions. The derivation of the expressions in (3.20) pro-

ceeds similar to the case of the DAs of vector mesons considered in [28, 30, 31] so that we

omit the details.

Finally, the leading-twist gluon DAs of f2(1270) can be defined as [9]

gµµ
′

⊥ gνν
′

⊥ ⟨f2(P,λ)|Ga
nµ′(z2n)G

a
nν′(z1n

′)|0⟩

= fT
g

[
e(λ)⊥µν(pn)

2 − 1

2
g⊥µνm

2e(λ)nn

] ∫ 1

0
du eiz

u
12pnφT

g (u)

− fS
g m

2g⊥µνe
(λ)
nn

∫ 1

0
du eiz

u
12pnφS

g (u) . (3.21)

The distribution amplitudes φT
g (u) and φS

g (u) are both symmetric to the interchange of

u ↔ ū and describe the momentum fraction distribution of the two gluons in the f2-meson

with the same and the opposite helicity, respectively. The asymptotic distributions at large

scales are equal to

φT,as
g (u) = φS,as

g (u) = 30u2(1− u)2 . (3.22)

The normalization constants fT
g and fS

g are defined through the matrix element of the local

two-gluon operator:

⟨f2(P,λ)|Ga
αβ(0)G

a
µν(0)|0⟩ = fT

g

{[
(PαPµ − 1

2
m2gαµ) e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}

−1

2
fS
g m

2

{[
gαµ e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}
. (3.23)

The coupling fS
g can be estimated from the radiative decay Υ(1S) → γf2, see appendix E.

The result is consistent with the assumption that fS
g is very small at hadronic scales and

is generated mainly by the evolution. In the numerical analysis we use the value

fS
g (1GeV) = 0 . (3.24)
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The twist-three matrix elements can be estimated using QCD sum rules, see appendix D.

We obtain (at the scale 1GeV)

ζ3 = 0.15(8) , ω3 = −0.2(3) , ω̃3 = 0.06(1) . (3.19)

The DAs φ4(u) and g4(u) have collinear twist four and receive contributions of the

geometric twist-two, -three and -four operators. The Wandzura-Wilczek-type twist-two

contributions assuming the asymptotic expression for φ2(u) (3.16) have the form

φWW
4 (u) = 100u2(1− u)2(2u− 1) ,

gWW
4 (u) = 30u(1− u)(2u− 1) . (3.20)

We expect that these contributions are the dominant source of the power-suppressed correc-

tions ∼ 1/Q2 because of the large mass of the f2(1270) and will neglect “genuine” geometric

twist-three and twist-four contributions. The derivation of the expressions in (3.20) pro-

ceeds similar to the case of the DAs of vector mesons considered in [28, 30, 31] so that we

omit the details.

Finally, the leading-twist gluon DAs of f2(1270) can be defined as [9]

gµµ
′

⊥ gνν
′

⊥ ⟨f2(P,λ)|Ga
nµ′(z2n)G

a
nν′(z1n

′)|0⟩

= fT
g

[
e(λ)⊥µν(pn)

2 − 1

2
g⊥µνm

2e(λ)nn

] ∫ 1

0
du eiz

u
12pnφT

g (u)

− fS
g m

2g⊥µνe
(λ)
nn

∫ 1

0
du eiz

u
12pnφS

g (u) . (3.21)

The distribution amplitudes φT
g (u) and φS

g (u) are both symmetric to the interchange of

u ↔ ū and describe the momentum fraction distribution of the two gluons in the f2-meson

with the same and the opposite helicity, respectively. The asymptotic distributions at large

scales are equal to

φT,as
g (u) = φS,as

g (u) = 30u2(1− u)2 . (3.22)

The normalization constants fT
g and fS

g are defined through the matrix element of the local

two-gluon operator:

⟨f2(P,λ)|Ga
αβ(0)G

a
µν(0)|0⟩ = fT

g

{[
(PαPµ − 1

2
m2gαµ) e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}

−1

2
fS
g m

2

{[
gαµ e

(λ)
βν − (α ↔ β)

]
− (µ ↔ ν)

}
. (3.23)

The coupling fS
g can be estimated from the radiative decay Υ(1S) → γf2, see appendix E.

The result is consistent with the assumption that fS
g is very small at hadronic scales and

is generated mainly by the evolution. In the numerical analysis we use the value

fS
g (1GeV) = 0 . (3.24)
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Figure 3. The form factors T0(Q2), T1(Q2), T2(Q2) (from top to bottom) normalized to T2(0) =
339MeV. The result for T0(Q2) shown by the solid line includes the estimate of soft end-point
contributions using light-cone sum rules. The result without the soft correction is shown by dashes.
The error band for T1(Q2) (shaded area) corresponds to variation of the twist-three parameters
in the range specified in (3.19), whereas for T2(Q2) we also include variation of the tensor gluon
coupling fT

g in the range ±50MeV. The experimental data are taken from ref. [7]. Only statistical
errors are shown.
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Figure 3. The form factors T0(Q2), T1(Q2), T2(Q2) (from top to bottom) normalized to T2(0) =
339MeV. The result for T0(Q2) shown by the solid line includes the estimate of soft end-point
contributions using light-cone sum rules. The result without the soft correction is shown by dashes.
The error band for T1(Q2) (shaded area) corresponds to variation of the twist-three parameters
in the range specified in (3.19), whereas for T2(Q2) we also include variation of the tensor gluon
coupling fT

g in the range ±50MeV. The experimental data are taken from ref. [7]. Only statistical
errors are shown.
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Figure 2. The effective form factor summed over polarizations normalized to T2(0) = 339MeV.
The calculation using default values of the nonperturbative parameters is shown by the sold curve.
The same calculation with the quark coupling fq reduced by 15% is shown by short dashes. The
experimental data are taken from ref. [7]. Only statistical errors are shown.

Such a 10–15% smaller coupling as compared to our default value fq = 101MeV is

certainly possible as the existing estimates are not reliable. A more precise number can

eventually be obtained from lattice QCD, however, this calculation is rather complicated

and will take time. It would be very interesting to measure the time-like transition form

factor e+e− → f2(1270)γ at large virtualities q2 ∼ 100GeV2 (cf. [38]) where the nonper-

turbative uncertainties are considerably reduced. This would give a direct measurement of

the fq-coupling.

Our results for the helicity-separated form factors T0(Q2), T1(Q2), T2(Q2) are com-

pared with the experimental data [7] in figure 3. All three form factors are described rather

well, the QCD calculation being slightly above the data as we have already seen for the

helicity-averaged form factor in figure 2. Note that our result for T1(Q2) only includes the

leading-power contribution at large Q2 in contrast to T0(Q2) and T2(Q2) where we also

calculated the 1/Q2 correction. Terms ∼ 1/Q2 in T1(Q2) correspond to collinear-twist-five

and soft contributions and are more difficult to estimate. They should be expected, how-

ever, to be negative and of the same order of magnitude as for T2(Q2) so that the increase

of the QCD curve for T1(Q2) in figure 3 at smaller Q2 will almost certainly be compensated

by power corrections and is not a reason for concern. As expected, T1(Q2) is also more

sensitive to the twist-three quark-antiquark-gluon contributions as compared to the other

two form factors, and the uncertainties in the corresponding parameters are not negligible,

they are shown by the shaded area.

As discussed in [9], the form factor T2(Q2) at asymptotically large Q2 is dominated by

the two-gluon contribution with aligned helicity that we refer to as gluon transversity DA.

This contribution is suppressed, however, by the factor αs/π ∼ 0.1 which is the standard

penalty for an extra loop. Also the two-gluon coupling to a “conventional” quark-antiquark

meson is unlikely to be large as compared to the quark-antiquark coupling. By this reason,

T2(Q2) at realistic Q2 is still dominated by the Wandzura-Wilczek-type higher-twist power

correction that does not involve such small factors: the shaded area in the plot for T2(Q2)
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Conclusions

The data allows to conclude that QCD scaling  is observed

The data for the individual helicity FFs must be improved 
in order to perform a more quantitative theoretical analysis

 Theory: there is no problem with factorization as expected

It seems that there is  problem with the normalization estimate
in T0 which is about 20% overrated, but within the theor. 
uncertanties.  This must be clarified (                     )

One gets a direct possibility for analysis of the subleading FFs 
which sensitive to the higher Fock states and specific gluonic
components

e+e� ! �⇤ ! f2 + �



Thank you!












