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Hard exclusive processes involve off-forward matrix elements

DVCS: ~*N(p) — vN(p") D. Miiller, X. Ji, A. Radyushkin

Operator Product Expansion

A ~ (975" ()75 (0)|p) Z (@*, %) (0|0 (1*)Ip)

Kinematic variables:  hadron mass 7m®  momentum transfer ¢t = (P — P’)?

‘ How to calculate effects ~ m?/Q? and t/Q? ‘
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current conservation

twist-3: Anikin, Teryaev; Belitsky, Miiller; Kivel, Polyakov, Schafer, Teryaev, 2001

T{ju(a12)jv(222)} = T 2 (21, 2) + Thy (21, 2) + Tin (21, 2) + - ...

A (py @) = i / 0 =192 (| T (1 2)j (222)) )

21 — 22 — 1.
Conservation of the electromagnetic current:

0" A (p, 0, 0) = (¢')" A (p,p’,q) =0

only valid in the sum of all twists but not for each twist separately
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Kinematic power corrections

OPE = expansion over multiplicatively renormalized operators

T{5."(x)5,"(0)} = Z CZL\L(IE) On(0) + higher twists
N
Opn — twist two operators: (O " = Gy, Dyy .- Dy, Q)

Higher twist operators related to Oy:

@ twist—3: [P[u OM].HHNH}
) tWiSt—4Z I:P” I:PH OHIAAAHN+1]}I I:PH7OHMHN+1}
"Kinematical power corrections' = taking into account the contributions

of these operators to the OPE only

Bochum, 18.04.2013
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General structure

T{j(z)j(0)} = Z anOn + Z (bNaZOm' 4 CN(f)('))N) + all others

N

| all others # all quark-gluon operators |

To determine the coefficients ay, by in the leading order in «; it is sufficient to take the
matrix elements over free quarks. But it does not work for the coefficients cy.

S. Ferrara, A. F. Grillo, G. Parisi and R. Gatto, Phys. Lett. B38, 333 (1972):

matrix elements of 0" O, ..., over free quarks vanish
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The same problem in a different language

® Using EOM 0# Oy, ...y can be expressed in terms of quark-gluon operators:

N =1:
O Opy = 2iq9Fu v g,
where
_ >
Opv = (1/2)[@vu Dy g + (1 < v)]
N =2
4 ® _ — —
ga Ouaﬂ:_12z‘r7 ngﬂ Da — Dangﬂ'f'(O‘Hﬂ) q
—40°9(va9F ap + YagFpp) V59
8. o= 8, _ .~ 28 =
—3 989V Foav5q — 3 0097’ Fopysq + 3 9089007 Fopq,
where
15 & < 3 _
Olag = Sym“aﬂ Eq*\m DaDg q— Eaaangq — traces
etc.
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General structure

Let Gy be a complete basis of twist-four operators

(D"g)(D™F)(D'q),  (D"@)(D™F)(DPF)(D'q),. ..

EOM imply that some linear combination of quark gluon operators Gy, is related to leading
twist:

(00)n = Z a,(cN) Gk
3

< exact relation between matrix elements

Twist-4 contribution to OPE

TH@IOF ™ =3 enn(@) G ... = Y en(00)n + ...

N,k N
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Local & nonlocal operators

Conformal operator

Oz — Oz \ _
%1 =% ) 3o + an)rsa(e + 2n)

2)
On(2) = (8 + 82) Y Cp2 Y .
21 22 z1=22=

Too complicated!

Nonlocal operator
O+4+(z; 21, 22) =q(z + z1m) v+ (I(fB + z2n)

_Zzlz2 Onm(z Z‘I/Nk 21, 22)Ong () -

nm Nk

1 P
Onm = W q(z)0Y q(), Onk(z) = Z ANE O
nm

O ni(z)—"basis vectors", W Ng (21, 22)— "coordinates".

Conformal basis: Oy (z) - conformal operator oxOpn(z) =0

Ong(z) = 0% On(z)
At one loop : conformal operator = multiplicatively renormalized operator
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Local & nonlocal operators

conformal expansion

Ot (miz1,22) = > Wp(21,22)Oni(a)
Nk
[i(D+My_), Ong]l = (N + k)Ong [i(nP), Onk] = OnNk+1 5 [{(nK), Ong] ~ Ongk—1

[i(D + M), Oty (2521, 22)] =S004+4 (2521, 22) s
[i(nP), Oy 4 (z; 21, 22)] =—S— O41(z; 21, 22)

[i(nK), O44(z; 21, 22)] =(nn)S+ Oy 4 (z; 21, 22)

S = 7&:1 — ﬁzQ s So =21 azl + ZQHZQ +2, Sy = Zizazl + Z%ﬁzz + 2(21 + ZQ).

S+, S0, S— are the generators of s/(2) algebra

[S+,S_] =250, [So, S+] = £S5+
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Local & nonlocal operators

@ Wy (z1, 22) are polynomials of degree N + k in z1, 22

@ Uyo(z1,2) ~ (21 — 2)N [(6;;1 + 0z )W Ni(21, 22) = Ung—1(21, 22)}

@ Sy Wnk(z1,22) ~ Wit (21, 22) |:‘I/Nk ~ Sﬁ(Zl = Z2)N}
(n02) O+ (5 21, 22) = (02 + 02;) O (25 21, 22) -

Z U i (21, 22)6i+1(91v($) = Z(azl + 02) W k(21 22)8iON(x) .

Nk Nk
5K8_I;ON ~ Biilo]v =—> S+‘I/Nk(zl, 22) ~ ‘I/Nk+1(Z1,Zg) .
RG-equation

d
ME Oy (x5 21, 22) = [HOy|(2; 21, 22) = [H¥ ng] (21, 22) = Y Pk (21, 22)

How to project out Oy (z) from nonlocal operator?
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Conformal symmetry and SU(1, 1) scalar product

collinear conformal transformations SL(2,R) & SU(1,1)
b b
Ty = 2Ny, zER—)z/*az—’— , & ze(C—>z’:ilZ+_
cz+d bz+a
representations are labeled by conformal spin
; 1 az+b
z) = T'p(z) = —= - (- )
#(?) &= mran\nra

This is a unitary transformation with respect to the following scalar product:

D=2 / @25 (1~ |22)%~23(2)(2)
|z|<1

(6, 9); =

™

/ Dizp(2)p(z),  ||9lI> = (¢, ¢)
|

z|<1
similar for several variables

(#s ) j1 .o =/ thl/ Dj, 20 ¢(21, 22) (21, 22) z
| |

z1]<1 zg|<1
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Generators

® Generators of infinitesimal SU(1,1) transformations

Sy = 229, + 2jz, So =20,+7, S_=-0.
satisfy the usual SL(2) algebra
[S+,5-]1=2%, [So, S+] = £5+

® For products of fields, e.g. ¢(z1)p(22) ...

st = gln) 4 gU2) — 25, + 220, + 21121 + 2022,
SJ(ZI 132.33) 220y + 2205, + 2205 + 2121 + +2j220 + 24323,

® Hermiticity properties

5§ = 50 (54t = -s- (¢, SY) = (S', )
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Some properties

e different powers are orthogonal
’
(2", 2") = 6 |I2"112,

® reproducing kernel (unit operator)

_ _ 1
#(z) = DjwKj(z w)p(w),  Kj(z,0) = ———=
1 —zw)?%
|w|<1
® Fourier
oN Di121D12 (21 ,22)1\/61'?1z1+ip2z2 — iN(pl erz)NC]?,/Q (w)
p1 + p2
[2;|<1
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Conformal operators vs. Light-ray operators

® Light-ray operators

O+ (21, 22) = q(21m) v+ q(227)

® (Local) conformal operators

— +—
D4+ — D
oy = (o) Va0l S 2F )@
Dy + D4

— Projecting Op from O4 (21, 22):

Bzy — Oy

On(E) = (8 +05)NC? .
Z1 )

O+ (z1in+z,22n + )

2;=0

® Alternatively:

1
Py = SN+ (N +2)!

On = pn {2, O++(21’Z2)>11 = pN //Dﬂﬂ?lzz Z% Ot (21, 22)

|z| <1

A. N. Manashov ( Regensburg)
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Conformal operators vs. Light-ray operators

Sk O44 (21, 22) = 2(nn) SE:'U Oy 4 (21, 22)

kO = pN//DZ1DZ2 21]\; 5K0++(Z1,Z2)N//DZ1DZQ ZII\Q Sjrl'l>0++(21,2’2)

2] <1 2| <1

7//DZ1DZQ (sﬁl'”z{g) Oty (21,22) =0,

|zi| <1

Divergency (80) §

o 0
(BO)fNree = pN//D21DZQ L wﬁO++(I;Zl,ZQ)
"
|z <1

- // DaDa ) S0V 0u3(z + 21m)y4 0 g(z + z2m) = 0

|zi| <1
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@ Symmetry generators, S,
@ Invariant scalar product

@ Hermiticity of evolution kernel H = H

O1+(z;21, 22) = Z U (21, 22) Ong () -

Nk

1
Oni(z) = H‘I’T (Uni(21, 22)| Og 4 (x5 21, 22)) -
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Spinor Representation

Coordinates:
o+ 13 I — T2 Ty W .
i, = D@y, = = (" , o' =(1,7)

T+ 22 To — I3 w T

To maintain Lorentz—covariance, introduce two light-like vectors n>=n%>=0
Naa = Au )\('n ﬁud = /Iruﬁd

with auxiliary spinors A and u

Lo = ZAC!XQ I Eﬂa,ﬂ«d T U)Aaﬂd T ﬁ),ufchd ‘

Fields:
Vo B _
q = -8 | q= (Xﬂ7w0'f)7
X
Fopap = UZ@‘TEBFW =2 (Eaafuﬁ - 6055.1[(;3)

fap and f, 4 transform according to (1,0) and (0, 1) representations of Lorentz group
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“Plus” and “Minus” projections

Y =2A%a, X+ =AXa, S+ = AN fag,
Py =X, X+ =Axa, Frv = ;\d;\ﬁfixﬂ J
Yo =pPa, o= fro =X’ fas

A. N. Manashov ( Regensburg)
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Conformal basis for twist-four non-quasipartonic operators

Braun, Manashov, Rohrwild, Nucl. Phys. B826 (2010) 235.

Qi (21, 22, 23) =1 (21)f1— (22)P+ (23) , 7=t e TV @ T
Q2(z1, 22, 23) =th1 (21)f1 4 (22)9p— (23) TI=t @ T=%/2 @ TI=1/2
Qa(z1, 22, 23) :%[D—+1/3+](Zl)f++(22)’¢+(23)7 TI=8/2 g TI=3/2 g TI=1

and three similar operators with f — f

cf. in usual notation
qu(21) [Fip(22) + iFru(22)] 7" ar(28) = Qa(a1, 22, 28) — Qu (21, 22, 28)

(21) [Fru(z) — iFu(2)| v au(zs) = Qa(21, 22, 28) — Qu(21, 22, 23)

Q1(21, 22, 23)
6(21722723)= Q2(21,22,23)

Q3(21,22,23)
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Divergence of a conformal operator

The conformal operator Oy is obtained by the projection
Oy = n#*n*t . n*N(ON)ppy...un

where n is an auxiliary light-like vector. Define a divergence of the conformal operator as
(00)y = n#1 . atNOH(ON)ppy.ny = nHt BN IPE (ON) g po.oiy

where P, is the usual four-momentum operator

. 0
Pulp) =pulp), [Py, (z)] = @CD(HC)
Taking into account that n* = é()\n“;\) the same definition can be rewritten as

1 5] 1 . 0 _
80y = —— |iPH, =0 =—— _|pse, L2 oy,
(6O)w N+1[z " Ok N(”)} (N +1)2 [z axe e N )}
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Divergence of a conformal operator

O (21, 2) = Yy (z1n)[z1m, 22n]9py (227m)

Let
i OO
(00)+4(a1,) = [ 1P, 2 =20 a1, 2)|
then
00}y = 2 (5 00) 4+ (a1, 2)) = s / / DuDz ) (90) 1+ (21, 22)

|zi| <1

By a direct calculation obtain

2(80)++(Z1,Z2) = ig |:A(Z17 ZQ) — ;l(z1, 22)i| + ...,

1
A(z1,22) = azzzfz{Q1(21721722)+/ dUH[Qz(ZLZ;pZz)+212Q3(2172;'1722)]}
Jo

"1
+6z16ZQZf2/ du [f Q1(z1, 231, 22) + an(zl,z;‘l.,ZZ)}
0

The ellipses stand for EOM, contributions of quasipartonic operators and terms o SIJ;
which do not contribute to the projection that defines the conformal operator

A. N. Manashov ( Regensburg) Kinematic power corrections Bochum, 18.04.2013
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T-product of two electromagnetic currents

2
T, pap(21,22) = — T, {zag%,aa(?«l, 2) — 3668 4 5(22, 21) + T, 5% A2, 22)
+ :L'2 {Iﬁaaad(c(zl, ZQ) — IQQQEBC(ZQ, 21):| =+ .. }
Boa(21,2) = BE2(2,2) + B3 (2, 2) + B (a, 2) + ...
Alz1,22) = ATz, 2)
C(z1,22) = Ct:4(21,z2)
all twist four functions can be expressed in terms of
21
R(z,2) = ig dw(w — 22) Q2(z1, w, 22)
z2
For example
1
55 =2 L
aa (21, 22) _Eam duO 4 (uzy, uz)
0
S
C'=4 (a1, 20) = — 5 u—; [R(uzl, uzp) + R(uzg, uzl)]

Bochum, 18.04.2013
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Renormalization group equations

Braun, Manashov, Rohrwild, Nucl. Phys. B826 (2010) 235.
The complete RG equation for twist-four operators has the following structure:

) 5 Q1 o, (Hin Hi2 Hi @1
(M— + B(as) ) Q2| =—— | Ha1 Heo Hos Q2
22 Baxs Q3 2r \ Hy1 Hsp Has Q3

Q1 (21, 22, 23) .
6(2'1,22,2'3): Q2(21, 22, 23) :Z‘I/Np(ZI,Z%ZS)QNp

21,22, %
Qs(21, 22, 23) o
1) Symmetry generators, So,  2) Invariant scalar product 3) Hermiticity of evolution kernel H = mt

S(lll)

0 0
~ * 131
So = 0 s, 22 0
(3
(EEn)
22
0 0 S,
Scalar product
- — 1
(2, T) =2(P1,P1)111 +(P2,¥2), 31 +—(P3,¥3)33,,
153 2 251
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Coefficient functions

@O = | (el Aler, s — (ef A, )

We want to rewrite this answer as a sum of terms
(00)n ~ (U (w1, wa, w3), Qi(wr, w2, w3))jy jujs

where j1, j2,j3 are the conformal spins of the Q;, so that the functions ‘I/l[\(wl , w2, w3) can be
identified with the coefficient functions of the (Q-operators

Consider the first two terms as an example:

A=057[¢1(a1,22) + d2(a1,2) + ... |+

where
1

¢1(21,22) = Q1(21, 21, 22) p2(z1,22) = [ duu Qa(z1,237,22)
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® reproducing kernel — the operator which does nothing

1
o(z) = / DjwK;(z, w)p(w) , Ki(z,w) = ————=
lw|<1 Y 1 (1 —zw)%
3
Qi(z1, 22, 23) = <H K, (2, Wr), Qi (w1, wa, w3)>j1j2j3 ,

k=1

(BO) w ~ {21, A(z1, 22))11 ~ (219, 8222, Q1 (21, 21, 22))11 + - - -

=(¥1 (w1, w2, w3), Q1 (w1, w2, w3))111

Uy (w1, we, ws) = (2%, 8222 K1 (21, W1 )K1 (21, W2)K1 (23, W3))11

A. N. Manashov ( Regensburg) Kinematic power corrections Bochum, 18.04.2013
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Coefficient functions

Final results:

1 1 1
\Ifg\})(w) = day [/ dad/ dﬂﬁ_(wfg —w§2)N_1 = L/ do aa (wih —uzg,)N_1
0 0 N+1 J,
(2) ' = ' 1 a B \N—1
V' (w) = *411N/0 610404/0 ag <5+ N+1a) (wiy — wsy)
1 . 1
\I/S\?)(w) = —24CN/ dozo?Qa/ dB B (wd —11152)1\1_2
0 0

where

ay :é(N + 3)(N + 2)(N + 1)N,

by = — é(N+3)(N+2)N

1 (N + 4)!

NTUS (N + (N —2)!
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nt functions

Calculation of the norm is straightforward

1T w2 = 2193y + 119 H31+—|I‘1’ Hsal

I = Gl (V4 2200 + )2 [$V +3) + 6 +1) = 6(3) - (D)

Compare:

IN =

leading twist anomalous dimension

N+1
2

1
I\ mr o +4ZE = 2Ce[B(N +3) + $(N + 1) = () = v(1)]

A. N. Manashov ( Regensburg) Kinematic power corrections Bochum, 18.04.2013
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. N +1)* S o
1g6<21722723) E E PN+ 1)7 \I/NA:(Z1722723)9i(0O)N+»--

INETIER

® All entries known explicitly
® The ellipses stand for “dynamic” operators

21
R(21, 22) = ig dw(w — 22) Q2 (21, w, 22)
22
2 . N
131
dw(w — 2z3) (S’i 2 2)) \I/EVZ)(Zlva z2) =
2z
7
k
= (1) dw(w — )8 (21, w, ) = vy (S1)F (21 — 29)N T

22

N ~ |[UN|[2 ~ N

A. N. Manashov ( Regensburg) inematic power corrections
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Kinematic projection

“1 w ’oor
dw dw" w' — 29 | 1 , ’
R(z1,22) =212 — — ——— | 54+ 01(w, w') = (So — 1)O2(w, w') |,
z12 z12 21 —w [ 2
22 22
z1 w 0
_ dw dw' z3 —w | 1 ) ’
R(z1,22) =212 — — ——— [ =54+ 01 (w, w') — (Sop — 1)O2(w, w') | .
z12 z12 w— 22 |2
E) 2o
01 (w,w') = I:iP“, I:iPM, Oi:f(w, ur’):l:l , Oy (w,w') = I:iP”, ioi:f(w, w/):l .
ozH
1
1 Py 21 2
Az, z2) :Z du § v Inwuzy2g O1(z1u, 22u) + (zgazZ - — - lnuzgazzzlg)R(uzl,uzg)
zZ
o 12
29 2 _
_ (z1821 - == — lnuzlazl 221)R(uzl,uz2) s
221
1
1 du [ 2 9,2
B(z1, 22) :g U (1—u”+u” Inu)z) 2201 (21 u, 22u)
w
0

z
_ |:(1 — '1:,2) (z28z2 - —1> 4L (1—’1:,2-9—'1:,2 In u) z2832 z121| R(uzy, uzz)
212

+ |:(1 —u?) (Zlf’zl = Z—Z) + (1—u®+u® In ) 21331 221:| R(uz1, uz2)}»
2z

21
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